Abstract. Let A and B be commutative rings with unity, f : A → B a ring homomorphism and J an ideal of B. Then the subring A ⊲⊳ f J := {(a, f (a) + j)|a ∈ A and j ∈ J} of A × B is called the amalgamation of A with B along with J with respect to f . In this paper, among other things, we investigate the Cohen-Macaulay and (quasi-)Gorenstein properties on the ring A ⊲⊳ f J.
Introduction
In [7] and [8] , D'Anna, Finocchiaro, and Fontana have introduced the following new ring construction. Let A and B be commutative rings with unity, let J be an ideal of B and let f : A → B be a ring homomorphism. They introduced the following subring
A ⊲⊳
f J := {(a, f (a) + j)|a ∈ A and j ∈ J} of A × B, called the amalgamation of A with B along J with respect to f . This construction generalizes the amalgamated duplication of a ring along an ideal (introduced and studied in [6] , [10] Let M be an A-module. In 1955, Nagata introduced a ring extension of A called the trivial extension of A by M (or the idealization of M in A), denoted here by A⋉M . Now, assume that A is Noetherian local and that M is finitely generated. It is well known that the trivial extension A⋉ M is Cohen-Macaulay if and only if A is Cohen-Macaulay and the module M is maximal Cohen-Macaulay. Furthermore, it is proved by Reiten [19] and Foxby [12] that A ⋉ M is Gorenstein if and only if A is Cohen-Macaulay and M is a canonical module of A. Next, in [2] , Aoyama obtained a generalization of this result to quasi-Gorenstein rings. Indeed, he showed that A ⋉ M is a quasi-Gorenstein ring if and only if the completion A satisfies Serres condition (S 2 ) and M is a canonical module of A.
Let A be a Noetherian local ring and I be an ideal of A. Consider the amalgamated duplication A ⊲⊳ I := {(a, a + i)|a ∈ A and i ∈ I} as in [6] , [10] . D'Anna in [6] proved that if A is a Cohen-Macaulay local ring and Ann A (I) = 0, then the amalgamated duplication A ⊲⊳ I is Gorenstein if and only if A has a canonical ideal I. Next, in [3] , the authors generalized this result as follows: if Ann A (I) = 0, then (4) ([9, Corollaries 2.5 and 2.7]) For p ∈ Spec(A) and q ∈ Spec(B)\V (J), set
Then, the following statements hold.
(i) The prime ideals of A ⊲⊳ f J are of the type q f and p ′ f , for q varying in Spec(B)\V (J) and p in Spec(A). (i) For any prime ideal q ∈ Spec(B)\V (J), the localization
Consider the multiplicative subset S p := f (A\p) + J of B and set B Sp := S −1 p B and
Cohen-Macaulay property under amalgamated construction
Let us fix some notation which we shall use frequently throughout this section: A, B are two commutative rings with unity, A is Noetherian, f : A → B is a ring homomorphism, and J denotes an ideal of B, such that A ⊲⊳ f J is Noetherian. In [9, Remark 5.1], assuming A is a Cohen-Macaulay local ring and J is finitely generated as an A-module, it is observed that A ⊲⊳ f J is a Cohen-Macaulay ring if and only if it is a Cohen-Macaulay A-module if and only if J is a maximal Cohen-Macaulay module. Also, in [9, Remark 5.2] , the authors mentioned that, if J is not finitely generated as A-module, it is more problematic to find conditions implying A ⊲⊳ f J is Cohen-Macaulay. Our main result in this section improves their observation as well as it provides conditions in case that J is not finitely generated implying A ⊲⊳ f J is Cohen-Macaulay. To state the main result we need to introduce some terminology. Let (A, m) be a Noetherian local ring, and N an R-module (not necessarily finitely generated). The depth of N over A is defined by the non-vanishing of the local cohomology modules H Recall that a finitely generated module M over a Noetherian local ring (A, m) a maximal Cohen-Macaulay A-module if depth A M = dim A. An A-module N is said to be big Cohen-Macaulay if depth A N = dim A. Such modules were constructed by Hochster [16] , when A contains a field. The reader is referred to [5, Chapter 8] for details on the existence and properties of big Cohen-Macaulay modules.
The following auxiliary lemma which is interesting in itself is of fundamental importance in our study of Cohen-Macaulayness.
In the sequel, Jac(B) will denote the Jacobson radical of B.
Lemma 2.1. Let (A, m) be a local ring, and J ⊆ Jac(B) be an ideal of 
On the other hand, applying the functor of local cohomology to the split exact sequence of A-modules appeared in Proposition 1.1(3), one obtains the isomorphism
Thus, for each i, we have shown the following isomorphism 
In the first case we deduce that depth A = depth A ⊲⊳ f J ≤ depth J. Similarly, in the second case we have depth J = depth A ⊲⊳ f J ≤ depth A. Therefore the second equality is obtained.
The next theorem is the main result of this section. With it, we not only offer an application of the above lemma, but we also provide more information about the Cohen-Macaulayness under the amalgamat construction than was given in [ The next example shows that, if, in the above theorem, the hypothesis f −1 (q) = m, for each q ∈ Spec(B)\V (J), is dropped, then the corresponding statement is no longer always true. It is clear that a finitely generated big Cohen-Macaulay module is maximal Cohen-Macaulay. Then we have the following corollary. 
Proof. Let p ∈ Max(A). If
. Hence, the Cohen-Macaulayness of A p results from Theorem 2.2. Therefore A is CohenMacaulay.
A finitely generated module M over a Noetherian ring A satisfies Serre's condition (S n ) if depth M p ≥ min{n, dim M p }, for all p ∈ Spec(A). Note that if M is Cohen-Macaulay, then it satisfies Serre's condition (S n ) for any integer n. Also, when dim M = d and M satisfies Serre's condition (S d ), then M is Cohen-Macaulay. In the following results we investigate the property (S n ) for the amalgamated algebra.
Lemma 2.7. Let p ∈ Spec(A), and set
Proof. It is straightforward that the mapping J p → J Sp defined by x/t → x/f (t), for all x ∈ J and t ∈ A\p, is an A p -isomorphism.
Corollary 2.8. The following statements hold.
(1) Assume that for each p ∈ V (f −1 (J)) and each q ∈ Spec(B)\V (J), . if f is surjective or J is a nil ideal of B) . If A ⊲⊳ f J satisfies (S n ), then so does A.
(2) Assume that J 2 = 0 and that J is a finitely generated A-module. If A ⊲⊳ f J satisfies (S n ), then so does J.
. Thus, the assumptions of Lemma 2.1 hold. Therefore we obtain
(2) Let p ∈ Spec(A). Then, by Lemma 2.7, we have the isomorphism
, there is nothing to prove since J p ∼ = J Sp = 0 by [11, Remark 2.4]. So we can assume that p ∈ V (f −1 (J)). Thus, using Lemma 2.1, one gets
Therefore J satisfies (S n ).
One can employ Corollary 2.8 to deduce that the property (S n ) is retained under the trivial extension construction. 
Proof. Each prime ideal of A ⊲⊳
f J are of the type q f or p ′ f , for q varying in Spec(B)\V (J) and p in Spec(A). The localization (A ⊲⊳ f J) q f is canonically isomorphic to B q . Thus one gets
In concluding this section, we want to generalize the above theorem to generalized Cohen-Macaulay rings. To this end, we need an auxiliary lemma.
Let us recall that a finitely generated module M over a Noetherian local ring (A, m) is said to be a generalized Cohen-Macaulay A-module if H In the course of next lemma and it's proof, for a finite length module M over a ring R, we use ℓ R (M ) to denote the length of M over R. 
On the other hand, it is clear that ϕ is R-module homomorphism. This means S/n ∼ = R/m as R-modules. Thus, , f (a) ), for a ∈ A, and ϕ(X λ ) := (0, j λ ), for λ ∈ Λ. It is not difficult to see that ϕ is surjective.
Corollary 4.2. Assume that I as an ideal of A is generated by {i λ |λ ∈ Λ}. Then the amalgamated duplication A ⊲⊳ I := {(a, a + i)|a ∈ A, i ∈ I} ( [6, 10] ) is a homomorphic image of A[X λ |λ ∈ Λ] the ring of polynomials over A in indeterminates X λ , for each λ ∈ Λ.
As a consequence of the previous proposition, we provide a partial characterization of the Noetherianity of A ⊲⊳ f J. It should be noted that the authors in [7, Proposition 5.7] have already given a characterization of the Noetherianity of A ⊲⊳ f J. But, this is an obvious consequence of the above proposition provided that J is finitely generated as an A-module. The next corollary investigates the behaviour of universally catenary property under amalgamated formation provided that J is finitely generated as an A-module. One says a locally finite dimensional ring A is catenary if every saturated chain joining prime ideals p and q, p ⊆ q, has (maximal) length height q/p; A is universally catenary if all the polynomial rings A[X 1 , . . . , X n ] are catenary. 
